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Comment on ”Path-Integral Measure for Gauge-Invariant Fermion Theories” by
Kazuo Fujikawa (PRL 42, 1195-1198 (1979))
Israel Weimin Sun∗
School of Physics, Nanjing University, Nanjing 210093, China
Forty years has passed since the seminal work of Kazuo Fujikawa in the Physical Review Letters
(PRL 42, 1195-1198 (1979)) opened a new avenue towards understanding the Adler-Bell-Jackiw
anomaly in the framework of the path-integral quantization. The current general viewpoint in
the high energy physics community is that Fujikawa’s path-integral formulation could cover all
the known quantum anomalies. In this Comment I would like to point out that even though his
formalism correctly explains the existence of the chiral anomaly, his formal definition of the fermionic
path-integral measure is actually incompatible with the conventionally adopted phenomenological
technique of integrating out the gauge field to build a low energy effective theory, with a both
respectful and rigorous mathematical mind. I hope that my opinion could lead to a more thorough
discussion among our colleagues which would yield a final clarification of all the relevant scientific
issues.
Forty years has passed since the seminal work of Kazuo
Fujikawa [1] about the path-integral explanation of the
Adler-Bell-Jackiw anomaly appeared in the Physical Re-
view Letters. Nowadays the mainstream viewpoint in
the academic community is that Fujikawa’s path-integral
formulation could cover all the known quantum anoma-
lies. In this Comment I would like to point out that
even though his formalism correctly explains the exis-
tence of the chiral anomaly, his formal definition of the
fermionic path-integral measure is actually incompatible
with the conventionally adopted phenomenological tech-
nique of integrating out the gauge field to build a low
energy effective theory. I hope that my opinion would
arouse the interests of our colleagues and lead to a final
clarification of the issue.
In Fujikawa’s work, a central concept is the constraint
of the gauge field sector on the fermionic path-integral
measure. In Eq. (6) of Ref. [1] the classical fermion
field (ψ¯, ψ) is defined as (for simplicity I only refer to the
abelian case.)
ψ(x) =
∑
n
anφn[A;x]
ψ¯(x) =
∑
n
φ†n[A;x]b¯n (1)
with {an, b¯n} being a discrete set of Grassmann integra-
tion variables, and the path-integral measure is Dψ¯Dψ =∏
n,m db¯mdan. It is well-known that such an expansion
leads to a nontrivial Jacobian factor for the γ5 trans-
formation which accounts for the chiral anomaly. How-
ever, a careful mathematical inspection of such an expan-
sion would immediately reveal a kind of logical weakness
which I shall explain as clearly as possible.
The key issue is whether one could freely interchange
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the relevant order of functional integration:
∫
DADψ¯Dψe−SQED [ψ¯,ψ,A]
?
=
∫
Dψ¯DψDAe−SQED [ψ¯,ψ,A].
(2)
It is apparent that one can first integrate the Grassmann
field (ψ¯, ψ) and then the gauge field Aµ, or in the reversed
manner. The former recipe will yield a chiral anomaly
term owing to the definition (1), which has been well
established for 40 years. The latter one, however, as I
shall argue now, would lead to some sort of mathematical
difficulties.
First of all, as shown in (1) the classical fermion
fields are actually Aµ-dependent objects: (ψ¯, ψ) =
(ψ¯[A], ψ[A]). Hence, the Aµ integration in the right-
hand-side of (2) differs from the conventional path-
integral in that a nontrivial Aµ-dependence is embodied
in the fermion field variables. Furthermore, by substitut-
ing (1) into the fermion part of the Euclidean action one
immediately obtains
∫
DA e
∑
n
(iλn[A]−m)b¯nan−Sgauge−field[A], (3)
in which the relevant eigenvalues λn[A] should have a
very complicated dependence on the background gauge
field which necessarily deviates from a simple polynomial-
type expression, hence one finds a rather exotic ”func-
tional integration” w.r.t. the gauge field configurations
which is never seen in the conventional path-integral for-
malism.
Second, this very fact actually implies some type of
”mathematical crisis” in the methodology of modern field
theorists. In the investigation of gauge field theories
nowadays it is a well established technology in the aca-
demic market to integrate out the gauge field degrees
of freedom in a full theory to build an effective non-
local fermion action, etc.... An example in this cate-
gory is the so-called Global-Color-Model (GCM) [2] in
the phenomenological study of hadron physics, to just
name one. In all the relevant treatments, one always in-
tegrates the gauge field at first, taking the fermion fields
2as Aµ-independent quantities, then obtains everything
one would like to see. Needless to say, all these perfor-
mances are severely in contradiction with Fujikawa’s con-
dition (1) which marks the chiral rotation non-invariance
of the fermionic measure and the appearance of the chi-
ral anomaly term. In other words, the very existence of
the chiral anomaly is incompatible with such a standard
field-theoretic technique which has been well practiced
for so many years !
In this connection, I would also like to mention a new
e-print [3] which reports that Fujikawa’s method would
predict a divergent and nonvanishing transverse vector-
current anomaly term in QED, which disagrees with the
null-anomaly result obtained in a one-loop perturbative
evaluation. This at least suggests that Fujikawa’s path-
integral framework could not be a universal one for deal-
ing with all anomalies in field theory.
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